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In this chapter we enhance the representation of web documents by
utilizing graphs instead of vectors. In typical content-based
representations of web documents based on the popular vector model,
the structural (term adjacency and term location) information cannot be
used for clustering. We have created a new framework for extending
traditional numerical vector-based clustering algorithms to work with
graphs. This approach is demonstrated by an extended version of the
classical k-means clustering algorithm which uses the maximum
common subgraph distance measure and the concept of median graphs
in the place of the usual distance and centroid calculations,
respectively. An interesting feature of our approach is that the
determination of the maximum common subgraph for measuring graph
similarity, which is an NP-Complete problem, becomes polynomial
time with our graph representation. By applying this graph-based k-
means algorithm to the graph model we demonstrate a superior
performance when clustering a collection of web documents.

1. Introduction

In the field of machine learning, clustering has been a useful and active area of
research for some time. In clustering, the goal is to separate a given group of
data items (the data set) into groups (called clusters) such that items in the same
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cluster are similar to each other and dissimilar to the items in other clusters.
Unlike the supervised methods of classification, no labeled examples are
provided for training. Clustering of web documents is an important problem for
two major reasons. First, clustering a document collection into categories
enables it to be more easily browsed and used. Automatic categorization is
especially important for the World Wide Web with its huge number of dynamic
(time varying) documents and diversity of topics; such features make it
extremely difficult to classify pages manually as we might do with small
document corpora related to a single field or topic. Second, clustering can
improve the performance of search and retrieval on a document collection.
Hierarchical clustering methods, for example, are used often for this purpose.1

When representing documents for clustering, a vector model is typically
used.2 In this model, each possible term that can appear in a document becomes
a feature dimension. The value assigned to each dimension of a document may
indicate the number of times the corresponding term appears on it. This model is
simple and allows the use of traditional clustering methods that deal with
numerical feature vectors in a Euclidean feature space. However, it discards
information such as the order in which the terms appear, where in the document
the terms appear, how close the terms are to each other, and so forth. By keeping
this kind of structural information we could possibly improve the performance
of the clustering. The problem is that traditional clustering methods are often
restricted to working on purely numeric feature vectors. This comes from the
need to compute distances between data items or to calculate some
representative of a cluster of items (i.e. a centroid or center of a cluster), both of
which are easily accomplished in a Euclidean space. Thus either the original
data needs to be converted to a vector of numeric values by discarding possibly
useful structural information (which is what we are doing when using the vector
model to represent documents) or we need to develop new, customized
algorithms for the specific representation.

We deal with this problem by introducing an extension of a classical
clustering method that allows us to work with graphs as fundamental data
structures instead of being limited to vectors of numeric values. Our approach
has two main benefits. First, it allows us to keep the inherent structure of the
original documents by modeling each document as a graph, rather than having to
arrive at numeric feature vectors that contain only term frequencies. Second, we
do not need to develop new clustering algorithms completely from scratch: we
can apply straightforward extensions to go from classical clustering algorithms
that use numerical vectors to those that deal with graphs. In this chapter we will
describe a k-means clustering algorithm that utilizes graphs instead of vectors
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and illustrate its usefulness by applying it to the problem of clustering a
collection of web documents. We will show how web documents can be
modeled as graphs and then clustered using our method. Experimental results
will be given and compared with previous results reported for the same web data
set based on a traditional vector representation.

The chapter is organized as follows. In Sec. 2 we introduce the mathematical
foundations we will use for clustering with graphs. In Sec. 3, we extend the
classical k-means algorithm to use graphs instead of numerical vectors. In Sec. 4
we will describe a web page data set and its representation by the graph model.
In Sec. 5 we present experimental results and a comparison with previous results
from clustering the same web documents when using a vector model and
classical k-means algorithms. Conclusions are given in Sec. 6.

2. Graphs: Formal Notation

Graphs are a mathematical formalism for dealing with structured entities and
systems. In basic terms a graph consists of vertices (or nodes), which correspond
to some objects or components. Graphs also contain edges, which indicate the
relationships between the vertices. The first definition we have is that of the
graph itself. Each data item (document) in the data set we are clustering will be
represented by such a graph:

Definition 1. A graph3,4 G is formally defined by a 4-tuple (quadruple): G=(V,
E, a, b), where V is a set of vertices (also called nodes), EÕV¥V is a set of edges
connecting the vertices, a:VÆSV is a function labeling the vertices, and b:EÆSE

is a function labeling the edges (SV and SE being the sets of labels that can
appear on the nodes and edges, respectively).

The next definition we have is that of a subgraph. One graph is a subgraph of
another graph if it exists as a part of the larger graph:

Definition 2. A graph G1 = (V1, E1, a1, b1) is a subgraph5 of a graph G2 = (V2, E2,
a2, b2), denoted G1ÕG2, if V1ÕV2, E1ÕE2«(V1¥V1), a1(x)=a2(x) "xŒV1, and
b1((x,y))=b2((x,y)) "(x,y)ŒE1.

Next we have the important concept of the maximum common subgraph, or
mcs for short, which is the largest subgraph a pair of graphs have in common:
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Definition 3. A graph G is a maximum common subgraph5 (mcs) of graphs G1

and G2, denoted mcs(G1,G2), if: (1) GÕG1 (2) GÕG2 and (3) there is no other
subgraph G¢ (G¢ÕG1, G¢ÕG2) such that |G¢|>|G|. (Here |G| is intended to convey
the “size” of the graph G; usually it is taken to mean |V|, i.e. the number of
vertices in the graph.)

Using these definitions, a method for computing the distance between two
graphs using the maximum common subgraph has been proposed:

† 

dist(G1,G2) =1-
mcs(G1,G2)

max(G1 , G2 )
 (1)

where G1 and G2 are graphs, mcs(G1,G2) is their maximum common subgraph,
max(...) is the standard numerical maximum operation, and |...| denotes the size
of the graph as we mentioned in Definition 3.6 This distance measure has four
important properties.3 First, it is restricted to producing a number in the interval
[0, 1]. Second, the distance is 0 only when the two graphs are identical. Third,
the distance between two graphs is symmetric. Fourth, it obeys the triangle
inequality, which ensures the distance measure behaves in an intuitive way. For
example, if we have two dissimilar objects (i.e. there is a large distance between
them) the triangle inequality implies that a third object which is similar (i.e. has
a small distance) to one of those objects must be dissimilar to the other.

Methods for computing the mcs are presented in the literature.7,8 In the
general case the computation of mcs is NP-Complete, but as we will see later in
the chapter, for our graph representation the computation of mcs is polynomial
time due to the existence of unique node labels in the considered application.
Other distance measures which are also based on the maximum common
subgraph have been suggested. For example, Wallis et al. have introduced a
different metric which is not as heavily influenced by the size of the larger
graph.9 Fernández and Valiente combine the maximum common subgraph and
the minimum common supergraph in their proposed distance measure.10

However, Eq. 1 is the “classic” version and the one we will use in our
implementation and experiments. As yet there are no reported findings to
indicate which distance measure is most appropriate for various applications,
and this is a topic we will investigate in future research. However, the distance
measure of Eq. 1 has the advantage that it requires the least number of
computations when compared to the other two distance measures we mentioned
above.
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Finally we need to introduce the concept of the median of a set of graphs.
We define this formally as:

Definition 4. The median of a set of n graphs,11 S={G1, G2, ..., Gn},is a graph G
such that G has the smallest average distance to all elements in S:

† 

G = argmin
"sŒS

1
n

dist(s,Gi)
i=1

n

Â
Ê 

Ë 
Á 

ˆ 

¯ 
˜  (2)

Here S is the set of n graphs (and thus |S|=n) and G is the median. The median is
defined to be a graph in set S. Thus the median of a set of graphs is the graph
from that set which has the minimum average distance to all the other graphs in
the set. The distance dist(...) is computed from Eq. 1 above. There also exist the
concepts of the generalized median and weighted mean, where we don’t require
that G be a member of S.11,12 However, the related computational procedures are
much more demanding and we do not consider them in the context of this
chapter. Note that the implementation of Eq. 2 requires only O(n2) graph
distance computations and then finding the minimum among those distances.

3. The Extended k-Means Clustering Algorithm

With our formal notation now in hand, we are ready to describe our framework
for extending classical clustering methods which rely on Euclidean distance. The
extension is surprisingly simple. First, any distance calculations between data
items is accomplished with a graph-theoretical distance measure, such as that of
Eq. 1. Second, since it is necessary to compute the distance between data items
and cluster centers, it follows that the cluster centers (centroids) must also be
graphs if we are to use a method such as that in Eq. 1. Therefore, we compute
the representative “centroid” of a cluster as the median graph of the set of graphs
in that cluster (Eq. 2). We will now show a specific example of this extension to
illustrate the technique.

To avoid any confusion, we should briefly emphasize here the difference
between our method and the family of “traditional” graph-theoretic clustering
algorithms.1,13 In the typical graph clustering case, all the data to be clustered is
represented as a single graph where the vertices are the data items and the edge
weights indicate the similarity between items. This graph is then partitioned to
create groups of connected components (clusters). In our method, each data item
to be clustered is represented by a graph. These graphs are then clustered using
some clustering algorithm (in this case, k-means) utilizing the distance and
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median computations previously defined in lieu of the traditional Euclidean
distance and centroid calculations.

The k-means clustering algorithm is a simple and straightforward method for
clustering data.14 The basic algorithm is given in Fig. 1. This method is
applicable to purely numerical data when using Euclidean distance and centroid
calculations. The usual paradigm is to represent each data item, which consists
of m numeric values, as a vector in the space ¬m. In this case the distances
between two data items are computed using the Euclidean distance in m
dimensions and the centroids are computed to be the mean of the data in the
cluster. However, now that we have a distance measure for graphs (Eq. 1) and a
method of determining a representative of a set of graphs (the median, Eq. 2) we
can apply the same method to data sets whose elements are graphs rather than
vectors. The k-means algorithm extended to operate on graphs is given in Fig. 2.

Inputs: the set of n data items and a parameter k, defining the number of clusters to create
Outputs: the centroids of the clusters (represented as numerical vectors) and for each data item
the cluster (an integer in [1,k]) it belongs to

Step 1. Assign each data item (vector) randomly to a cluster (from 1 to k).
Step 2. Using the initial assignment, determine the centroids of each cluster.
Step 3. Given the new centroids, assign each data item to be in the cluster of its closest centroid.
Step 4. Re-compute the centroids as in Step 2. Repeat Steps 3 and 4 until the centroids do not
change.

Fig. 1. The basic k-means clustering algorithm.

Inputs: the set of n data items (represented by graphs) and a parameter k, defining the number of
clusters to create
Outputs: the centroids of the clusters (represented as graphs) and for each data item the cluster
(an integer in [1,k]) it belongs to

Step 1. Assign each data item (graph) randomly to a cluster (from 1 to k).
Step 2. Using the initial assignment, determine the median of the set of graphs for each cluster
using Eq. 2.
Step 3. Given the new medians, assign each data item to be in the cluster of its closest median
(as determined by distance using Eq. 1).
Step 4. Re-compute the medians as in Step 2. Repeat Steps 3 and 4 until the medians do not
change.

Fig 2. The k-means algorithm for using graphs.
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4. Clustering of Web Documents using the Graph Model

In order to demonstrate the performance and possible benefits of the graph-
based approach, we have applied the extended k-means algorithm to the
clustering of a collection of web documents. Some research into performing
clustering of web pages is reported in the literature.15–18 Similarity of web pages
represented by graphs has been discussed in a recent work by Lopresti and
Wilfong.19 Their approach differs from ours in that they extract numerical
features from the graphs (such as node degree and vertex frequency) to
determine page similarity rather than comparing the actual graphs; they also use
a graph representation based on the syntactical structure of the HTML parse tree
rather than the textual content of the pages. However, the work we are most
interested in for evaluation purposes is that of Strehl et al.20 In that paper, the
authors compared the performance of different clustering methods on web page
data sets. This paper is especially important to the current work, since it presents
baseline results for a variety of standard clustering methods including the
classical k-means using different similarity measures.

The data set we will be using is the Yahoo “K” series,* which was one of the
data sets used by Strehl et al. in their experiments.20 This data set consists of
2,340 Yahoo news pages downloaded from www.yahoo.com in their original
HTML format. Each page is assigned to one of 20 categories based on its
content, such as “technology”, “sports” or “health”. Although a pre-processed
version of the data set is also available in the form of a term–document matrix
and a list of stemmed words, we are using the original documents in order to
capture their inherent structural information using graphs. We represent each
web document as a graph using the following method:

• Each term (word) appearing in the web document, except for stop words
(see below), becomes a vertex in the graph representing that document.
This is accomplished by labeling each node (using the node labeling
function a, see Definition 1) with the term it represents. Note that we
create only a single vertex for each word even if a word appears more
than once in the text. Thus each vertex in the graph represents a unique
word and is labeled with a unique term not used to label any other node.

• If word a immediately precedes word b somewhere in a “section” s of
the web document (see below), then there is a directed edge from the
vertex corresponding to a to the vertex corresponding to b with an edge

                                                            
* This data set is available at: ftp://ftp.cs.umn.edu/dept/users/boley/PDDPdata
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label s. We take into account certain punctuation (such as a period) and
do not create an edge when these are present between two words.

• We have defined three “sections” for the web pages. First, we have the
section title, which contains the text in the document’s TITLE tag and
any provided keywords (meta-data). Second we have the section link,
which is text appearing in clickable links on the page. Third we have the
section text, which comprises any of the readable text in the document
(this includes link text but not title and keyword text).

• We perform removal of stop words, such as “the”, “and”, “of”, etc.
which are generally not useful in conveying information by removing
the corresponding nodes and their incident edges. We also perform
simple stemming by checking for common alternate forms of words,
such as the plural form.

• We remove the most infrequently occurring words on each page, leaving
at most m nodes per graph (m being a user provided parameter). This is
similar to a dimensionality reduction process for vector representations.

This form of knowledge representation is a type of semantic network, where
nodes in the graph are objects and labeled edges indicate the relationships
between objects.21 The conceptual graph is a type of semantic network
sometimes used in information retrieval.22 With conceptual graphs, terms or
phrases related to documents appear as nodes. The types of relations (edge
labels) include synonym, part–whole, antonym, and so forth. Conceptual graphs
are used to indicate meaning-oriented relationships between concepts, whereas
our method indicates structural relationships that exist between terms in a web
document.

We give a simple example of our graph representation of a web document in
Fig. 3. The ovals indicate nodes and their corresponding term labels. The edges
are labeled according to title (TI), link (L), or text (TX). The document
represented by the example has the title “YAHOO NEWS”, a link whose text
reads “MORE NEWS”, and text containing “REUTERS NEWS SERVICE
REPORTS”. This novel method of document representation is somewhat similar
to that of directed acyclic word graphs23 (or DAWGs); however, our nodes
represent words rather than letters, our model allows for cycles in the graphs,
and the edges are labeled.
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When determining the size of a graph representing a web document
(Definition 3) we use the following method:

Definition 5. The size of a graph G=(V, E, a , b), denoted |G|, is defined as
|G|=|V|+|E|.

Recall that the typical definition is simply |G |=|V |. However, for this
application it is detrimental to ignore the contribution of the edges, which
indicate the number of phrases identified in the text. Further, it is possible to
have more than one edge between two nodes since we are labeling the edges
according to the document section in which the terms are adjacent separately.

Before moving on to the experiments, we mention an interesting feature this
model of representing documents has on the time complexity of determining the
distance between two graphs (Eq. 1). In the distance calculation we are using the
maximum common subgraph; the determination of this in the general case is
known to be an NP-Complete problem.24 However, our graphs for this
application have the following property:

"x,yŒV, a(x)=a(y) if and only if x=y        (3)

In other words, each node in a graph has a unique label assigned to it,
namely the term it represents. No two nodes in a graph will have the same label.
Thus the maximum common subgraph Gm=(Vm,Em,am,bm) of a pair of graphs G1

and G2 can be created using the following method:

Step 1. Create the set of vertices by Vm={x|xŒV1 and xŒV2 and a1(x)=a2(x)}
Step 2. Create the set of edges by Em={(x,y)|x,yŒVm

 and b1((x,y))=b2((x,y))}

YAHOO NEWS

SERVICE

MORE

REPORTS REUTERS

TI L

TX

TX

TX

 Fig. 3. An example graph representation of a web document.
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The first step states the set of vertices in the maximum common subgraph is
just the intersection of the set of terms of both graphs. Each term in the
intersection becomes a node in the maximum common subgraph. The second
step creates the edges by examining the set of nodes created from the previous
step. We examine all pairs of nodes in the set; if both nodes contain an edge
between them in both original graphs and share a common label, then we add the
edge to the maximum common subgraph. Note that this is different from the
concept of induced maximum common subgraph, where nodes are added only if
they are connected by an edge in both original graphs. If there is a common
subset of nodes but different edge configurations in the original graphs, we still
add the nodes using our method. We also note that in document clustering, the
nodes, which represent terms, are much more important than the edges, which
only indicate the relationships between the terms (i.e., followed by). We see that
the complexity of this method is O(|V1|⋅|V2|) for the first step and O(|Vmcs|

2) for
the second step. Thus it is O(|V1|⋅|V2|+|Vmcs|

2) £ O(|V|2+|Vmcs|
2) = O(|V|2) overall if

we substitute V = max(|V1|,|V2|).

5. Experimental Results

In order to compare clustering methods with differing distance measures, Strehl
et al. proposed the use of an information-theoretic measure of clustering
performance.20 This measurement is given as:
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where n is the number of data items, k is the desired number of clusters, g is the
actual number of categories, and 

† 

ni
( j ) is the number of items in cluster i classified

to be category j. The above measure is, in fact, mutual information25 normalized
by the sum of its maximum values (log k and log g) and it represents the overall
degree of agreement between the clustering and the categorization. In an attempt
to adhere to the methodology of the original experiments, which used the vector
model approach, we have selected a sample of 800 documents from the total
collection of 2,340 and have fixed the desired number of clusters to be k=40
(two times the number of categories), which is the same number of clusters used
in the original experiment. Strehl et al. used this number of clusters “since this
seemed to be the more natural number of clusters as indicated by preliminary
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runs and visualisation.”20 The results for our method using different numbers of
maximum nodes per graph and the original results from Strehl et al. for vector-
based k-means and a random baseline assignment are given in Table 1 (higher
mutual information is better); results from our method are shown in bold. Each
row gives the average of 10 experiments using the same 800 item data sample.
The variation in results between runs comes from the random initialization in the
first step of the k-means algorithm. We used t-tests to evaluate the statistical
significance of our results as compared with the best reported vector-based k-
means method (Extended Jaccard Similarity). Confidences less than 0.950 are
marked with a “–”. The same performance data is plotted graphically in Fig. 4.
In Fig. 5 we show the execution times for performing a single clustering of the
document collection when using 5, 50, 100, and 150 nodes per graph. These
results were obtained on a 733 MHz single processor Power Macintosh G4 with
384 megabytes of physical memory running Mac OS X. The clustering took
7.13 minutes at 5 nodes per graph and 288.18 minutes for 150 nodes per graph.
Unfortunately, no execution time data is available for comparison from the
original experiments in Strehl et al.

Table 1. Results of our experiments compared with results from Strehl et al.20

From Fig. 4 we see that the mutual information generally tends to increase as
we allow larger and larger graphs. This makes sense since the larger graphs
incorporate more information. On the figure we indicated the values of mutual
information from the original experiments for three out of the five methods from
Table 1. Euclidean is the classical k-means with a Euclidean distance measure.
Random baseline is simply a random assignment of data to clusters; it is used to

Method Max. Nodes/Graph LM (average) t-test
Graphs 150 0.2218 1.000
Graphs 120 0.2142 1.000
Graphs 90 0.2074 0.999
Graphs 75 0.2045 0.999
Graphs 60 0.1865 –

Extended Jaccard Similarity – 0.184 –
Pearson Correlation – 0.178 –

Cosine Measure – 0.178 –
Graphs 45 0.1758 –
Graphs 30 0.1617 –
Graphs 15 0.1540 –
Graphs 5 0.1326 –

Random (baseline) – 0.066 –
Euclidean – 0.046 –
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provide a baseline for comparison. We would expect any algorithm to perform
better than Random, but we see the Euclidean k-means did not. Finally, Jaccard
is k-means using the Extended Jaccard Similarity.2,20 It was the best performing
of all the k-means methods reported in the original experiment so we have
omitted cosine similarity and Pearson correlation on the chart for clarity.

It is not a surprising result to see Euclidean distance perform poorly when
using the vector model for representing documents, as it does not have the
property of vector length invariance. Because of this, documents with similar
term frequency proportions but differences in overall total frequency have large
distances between them even though they are supposed to be considered similar.
For example, if we were interested in the topic “data mining”, a document where
the terms “data” and “mining” each appeared 10 times and a document where
both terms each appeared 1,000 times are considered to be identical when we
have the length invariance property (i.e. their distance is 0). It is only the relative
proportion between the terms that is of interest when determining the
document’s content, since there are often large variances in total term frequency
even for documents related to the same topic. Here both documents contain an
equal proportion of the terms “data” and “mining”. If the term “mining”
occurred much more frequently than “data”, we would expect the document to
be related to a different topic (e.g., “gold mining”). Under Euclidean distance
these two documents would have a large distance (i.e. be considered dissimilar)
due to the fact that the difference in total frequency (10 vs. 1,000) is large. This
is why distance measures with the length invariance property (such as the cosine
measure, which measures the cosine of the angle between two feature vectors)
are often used in these types of applications in lieu of standard Euclidean
distance.

We see that even with only 5 nodes per graph our method outperforms both
Euclidean k-means and the random baseline; as we increased the number of
nodes per graph the performance approaches that of the other k-means methods
until it exceeded even the best k-means method reported at 75 nodes per graph
or more. For comparison, the original experiment used a term–document matrix
where each vector had 2,903 dimensions. We note a general increasing trend in
performance as we allow for larger graphs, which would be consistent with the
increase in information that occurs as we introduce new terms (nodes) and
phrases (edges) in the graphs. However, the performance improvement is not
always strictly proportional with the increase in graph size. For example, the
improvement from 60 to 75 is greater than the improvement from 75 to 90 even
though we are adding 15 new nodes in each case. This may be due to the fact
that the extra nodes added when we increase the graph size, while they are
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frequently occurring terms, may not always provide information that is useful
for discriminating between the documents and in actuality may hinder
performance by introducing extraneous data. A future improvement may be to
find better methods of selecting the nodes to be used in each graph rather than
relying strictly on term frequency.
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6. Conclusions

In this chapter we showed how it is possible to cluster web documents using a
graph representation rather than a vector representation. A graph representation
allows us to retain structural information such as where terms are located in a
document and the order in which terms appear — information which is mostly
discarded when using the typical vector model approach. Given a graph model
of web documents, we can apply traditional clustering techniques such as k-
means by performing an extension from Euclidean distance and centroid
calculations to graph distance and median graphs, respectively. To demonstrate
the performance of the extended k-means method with our graph representation
of web documents, we performed experiments on a web document collection
and compared with previous results of clustering using k-means when utilizing a
vector model for the same documents. We have discovered the following from
our experiments:

• Our method outperformed the baseline random assignment method and
the vector-based k-means method using Euclidean distance, even in the
case of maximum dimensionality reduction using 5 nodes per graph.

• As the maximum number of nodes allowed per graph became larger, the
performance of our method generally increased. This reflects an increase
in the amount of information in the graphs as we add nodes and edges.

• Our method outperformed all the k-means clustering methods (Euclidean
distance, cosine measure, Pearson correlation, and Jaccard similarity)
described in Strehl et al.20 when we allowed 75 nodes per graph or more.
We believe this reflects the information retained by the graph
representation which is not present when using the vector model
approach.

We have many avenues to explore for future work. We have shown one
graph distance measure here, but others have been proposed. We will perform
experiments with other graph distance measures and compare clustering
performance. We can also attempt to create a more elaborate graph
representation for web documents. For example, we can recognize more
document sections, connect words that appear in the same sentence or
paragraph, and so on. Such representations could capture even more
information, possibly leading to better performance. It is also possible to apply
our technique to structured text, such as XML documents and software



Clustering of Web Documents using a Graph Model             15

programs, and we intend to investigate clustering collections of source code
using our method. We also wish to extend other clustering algorithms to work
with graphs, such as hierarchical agglomerative clustering and fuzzy c-means.
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